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A B S T R A C T   

A tutorial is presented on the operation and properties of the non-linear multivariate regression model kernel 
partial least-squares (KPLS). After the discussion of a simple non-linear univariate problem, solved by regressing 
a dependent variable on the projection of an independent variable onto a set of Gaussian functions, the principles 
of KPLS are introduced for processing non-linear multivariate data. The following aspects are covered: (1) the 
estimation of the model sensitivity as a function of analyte concentration from error propagation concepts, (2) 
the proposal of a parameter measuring the degree of non-linearity, to avoid a black-and-white description of data 
sets as either linear or non-linear, (3) the use of the model parameters for variable selection. The application of 
KPLS to both simulated and experimental data sets is discussed, in the latter case involving near infrared spectra 
employed for the determination of quality parameters in foodstuff samples and fluorescence spectroscopic data 
for the study of systems of biological relevance. Computer codes written in the popular MATLAB and R envi
ronments are also provided.   

1. Introduction 

Since the first applications of multivariate models to instrumental 
data in analytical chemistry, the classification and treatment of the data 
according to their degree of linearity (or non-linearity) has been a 
persistent and complex problem to address. It is perhaps curious to 
notice that the strongest tendency has always been to develop and apply 
either linear or non-linear models, as if they belonged to two distinct and 
independent worlds. They have been rarely thought as “two sides of the 
same coin”, and this is why the link between them has not been deeply 
studied. 

When facing with a given set of data for analytical calibration pur
poses, it is customary to attempt an initial approach using a linear 
model, and if the results are not satisfactory, a more complex non-linear 
model is subsequently applied. This strategy is purely empirical and 
based on the fact that linear models are simpler and amenable to better 
interpretation, since they are supported by solid mathematical and 
statistical foundations. A more rational strategy employs a certain 
suitable test to the dataset in order to gather beforehand whether the 
relationship between the dependent and independent variables is linear 
or non-linear [1,2]. 

Today, partial least-squares (PLS) regression is probably the most 
widely used and popular first-order linear multivariate models [3]. PLS 
is sometimes compared to principal component regression (PCR) [4], 
and in most of cases the results in terms of prediction are statistically 
equivalent [5]. PLS operates by linearly transforming the original pre
dictor variables into a space of latent variables through a projection that 
maximizes the covariance between the predictor and the variable to be 
predicted, generating a vector of weight loadings. This is the main dif
ference with PCR, where the projection is made considering only the 
direction of maximum correlation between the elements of the predictor 
variables, i.e., the regression is applied to the result of the principal 
component decomposition of the data. All in all, in both cases the un
derlying idea is to generate parsimonious models, that is, models based 
on a low number of explanatory variables that maximize the content of 
useful information. The generation of these variables also allows one to 
deal with problems of collinearity and rank deficiency, which are very 
common, for example, in spectroscopic analytical data, where the sig
nals measured at many sensors are usually included in the model, 
exceeding the number of calibration samples. 

Both PLS and PCR may allow for certain deviations from the linearity 
in the data, usually through the inclusion of either more latent variables 
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or their squared values in the regression model [6]. When the level of 
non-linearity is pronounced, however, alternative tools should be 
employed. The following three are pertinent examples: (1) partition of 
the non-linear space into smaller subspaces of a linear nature, as in some 
LOCAL-type strategies [7], (2) resort to models that allow non-linear 
data as input, e.g., artificial neural networks (ANNs) [8], and (3) use 
of pre-processing methods to increase the data linearity, by projection of 
the data onto a non-linear space, as will be described below in detail. 

LOCAL strategies have been studied and applied as an alternative to 
face some types of non-linearities in the datasets. Linear models like PLS 
and PCR, complemented by LOCAL approaches [9], may successfully 
deal with certain types of deviations from linearity in data, especially 
when the source of non-linearity stems from a large number and di
versity of samples in a database, generating numerous clusters in the 
score plot. The idea behind these models is to maintain the advantages of 
PLS, such as simplicity, robustness, predictive ability, and stability, 
while adapting it to deviations from linearity by training a model for 

each test sample based on a selected number of locally close samples. 
In the case of ANNs, the most commonly used and studied ones in 

analytical chemistry are multilayer perceptron ANNs (MLP ANNs) [10], 
which operate through a back propagation fitting mechanism. Another 
less popular network that has gained relevance in this area is the radial 
basis function (RBF) ANN [11]. The latter has a much simpler structure 
than MLP ANNs, as it only includes a single non-linear transformation 
through a radial basis function in the hidden layer, usually a Gaussian 
function, and a linear transformation in the output layer. Consequently, 
the adjustment of the interconnecting weights is performed by a simple 
least-squares fit. This ensures that the results are always the same, unlike 
in MLP back propagation, where the weights vary from run to run, 
depending on both the random seed to initialize the weights and on the 
monitoring sample set used for early stopping [10]. 

Another less studied but highly potential alternative is to combine 
elements of ANNs with PLS, in order to linearize non-linear problems 
and then take advantage of the highly desirable characteristics of PLS. 
One of the first attempts to combine ANNs with PLS to solve data for 
non-linear chemical systems was reported by Walczak and Massart [12]. 
In this latter article, the difficulties that arise in RBF networks when 
solving overdetermined systems were considered, such as choosing the 
number of radial basis functions (the number of nodes in the hidden 
layer) and their distribution in the input data space. This led to the need 
of applying PLS in the predictive stage, instead of using direct 
least-squares, leading to a hybrid RBF-PLS model [12]. Subsequently, 
this approach was developed from a more theoretical point of view by 
Rosipal and Trejo [13], who provided a detailed description of the 
mathematical and statistical foundations of a model called kernel PLS 
(KPLS). Some years later, Kim et al. [14] described kernel PLS in detail, 
in combination with orthogonal signal correction (OSC) to treat several 
analytical multivariate data sets of different origins. 

A literature search reveals a relatively small number of publications 
on KPLS as applied to analytical calibration. In the last five years, for 
example, only a few reports were specifically published on calibration 
with near infrared spectra [15–22] and calibration transfer [23]. 
Following the tendency of keeping models as simple as possible even for 
complex data sets, the present report is intended as a rehabilitation of 
KPLS, showing its main characteristics and advantages, and presenting 
the method in the context of analytical chemistry as a tutorial. Through 
the analysis of simulated data, some important theoretical aspects will 
be tackled. Relevant advantages will be discussed when applying this 
model to solve practical problems in analytical chemistry, such as pre
dicting concentrations based on multivariate spectroscopic data from 

Fig. 1. Description of the main programming activities for applying KPLS to a 
typical calibration problem. In the red and blue boxes, ‘Xcal’ is the calibration 
matrix of spectra, ‘Ical’ is the number of calibration samples, ‘x’ is a sample 
spectrum (whether calibration or test), and ‘r’ is the radius. The kernels rep
resented by ‘k’ corresponding to calibration samples are grouped in the Kcal 
matrix and those for the test sample in a ktest vector. The red and blue boxes 
contain the required programming line for projecting the spectra onto the 
Gaussian space in both MATLAB and R (as indicated). The nominal calibration 
concentrations and the estimated one in the test samples are ycal and ytest 
respectively. 

Fig. 2. Pure component profiles for building the simulated data sets: black line, analyte of interest, red line, interferent.  
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near infrared spectroscopy (NIRS), or studying samples of biological 
relevance from fluorescence spectra. A novel study about the sensitivity 
in kernel PLS is another important issue to be developed in the present 
article. Finally, the focus will be directed to a very interesting property 
derived from the calculated sensitivity coefficients in the context of 
kernel PLS: the estimation of the non-linearity degree (NLD) in the data 
under analysis. We notice that KPLS has also been applied to 

second-order (matrix) data, combining the KPLS model applied to the 
unfolded data with a residual bilinearization (RBL) procedure [24]. 
Inasmuch as the present tutorial is concerned with first-order (vector) 
data, the specifics of KPLS/RBL are beyond the scope of this report, and 
can be found in ref. [24]. 

Fig. 3. Functions used in the simulations for different values of k. Top, quadratic system (k in the range 0–0.4), bottom, sigmoidal system (k in the range 0–7.5).  

Table 1 
Summary of the experimental data sets.  

System (analyte) / Spectral technique Number of calibration samples Number of test samples Wavelength range / nm Step / nm Spectral data points 

Meat (fat and moisture) / NIR 170 69 850–1050 2 100 
Yerba (aromatic herbs) / NIR 109 47 1100–2500 0.5 2800 
Wheat (protein) / NIR 171 74 820–1100 0.5 562 
Corn (oil) / NIR 50 30 1100–2500 2 700 
Serum (tetracycline) / Fluorescence 50 57 400–600 1 61 
Bioprocess (Protein) / Fluorescence 26 9 a a 9625a  

a These data consists of unfolded excitation-emission matrices, in the ranges 250–598 nm every 2 nm (emission) and 225–495 nm every 5 nm (excitation). 
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2. Theory 

2.1. Kernel PLS 

In multivariate regression problems, each sample is characterized by 
a spectrum x with a number of elements, e.g., the number of wave
lengths of a spectrum. The projection of the multivariate spectrum x on 
the space spanned by the nth. Gaussian function of a set N functions is 
performed using the following expression [13]: 

kn = exp(− ‖ x − cn
⃒
⃒|

2
/

r2
)

(1)  

where cn is a vector of centers and || || stands for the 2-norm of a vector. 
Once the radius r and a suitable number of cn vectors (N) are selected, 
each sample will be represented by a k vector with N elements. 

There are different manners in which r, N and the associated c vec
tors can be selected. In kernel PLS, N is equal to the number of cali
bration samples, and the c vectors are the calibration spectra. The 

optimum radius can be found by scanning a range of values within a 
certain range or using a method to minimize an error indicator param
eter, e.g., the ‘fminsearch’ function in MATLAB. 

Specifically, kernel PLS involves a calibration phase based on a 
kernel matrix Kcal, whose elements are defined as follows: 

Kcal,i1i2 = exp(− ‖xcal,i1 − xcal,i2
⃒
⃒|

2
/

r2
)

(2)  

where xcal,i1 and xcal,i2 are the spectra for two calibration samples with 
indexes i1 and i2. The Kcal matrix is of size Ical × Ical, where Ical is the 
number of calibration samples. Notice that some reports use the PCA 
scores instead of raw (or pre-processed) spectral signals; inasmuch as the 
chosen scores capture a significant portion of the spectral variance, the 
performance of KPLS models built with raw signals and with PCA scores 
should not be significantly different [22]. 

It has been shown that non-linear problems can be linearized by 
projection of the original data onto a feature space, in the present case 
represented by Gaussian functions [13]. Therefore, the next step in KPLS 

Fig. 4. Black line, non-linear relationship between y and x (including noise), blue circles, 11 points selected for model training, red triangles, 10 points selected for 
model validation. 

Fig. 5. RMSEC for the 10 validation points as a function of the number of Gaussian terms (N) for various radii (r).  
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is to build a classical PLS model between the matrix Kcal and the vector 
of calibration concentrations or target sample properties, using a certain 
number of latent variables, a procedure which provides a vector of 
regression coefficients β to be applied for prediction in future test 
samples. The optimum number of latent variables for estimating β can 
be set by leave-one-out cross-validation, while simultaneously opti
mizing the parameter r, usually by scanning a set of discrete values in the 
range 0.5–10 to yield its optimum value for model building. During the 
latter procedure, the spectra (either raw or pre-processed) are previously 
scaled in the range 0–1 before mean centering, to make the scale 
compatible with the range of r values. A better approach is to estimate 
both the radius and the number of latent variables by non-linear opti
mization techniques to avoid missing a good r value if a discrete trial set 
is search. 

In the prediction phase, the spectrum for the unknown test sample 

(xtest) is transformed in a kernel vector whose generic element is given 
by: 

ktest,i = exp
(
− ‖ xcal,i − xtest||

2
/

r2
)

(3)  

where the optimum value of r is considered. 
The vector ktest for the unknown sample then renders the predicted 

analyte concentration ypred from the standard PLS prediction expression: 

ypred = kT
test β (4) 

The algorithm for applying KPLS is very simple. It includes just one 
additional line in comparison with classical PLS, as indicated in Fig. 1 
with the red and blue squares for the key MATLAB and R lines respec
tively. For specific algorithms written in both MATLAB and R for 
applying KPLS see the Appendix. The following are the details for 

Fig. 6. RMSEC for the 10 validation points as a function of radius when N = 4.  

Fig. 7. Predicted vs. nominal y values for the 10 validation points for N = 4 and r = 0.45 (red circles). The blue line indicates the perfect fit.  
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implementing the MATLAB code (practitioners of R will find the anal
ogous R programming lines in the Appendix). Specifically, line 2 esti
mates the mean calibration spectrum, which is then subtracted from all 
calibration (line 3) and test (line 4) spectra. Lines 6 and 7 scale the data 
matrices so that the maximum intensity is 1. Lines 9–13 describe a 
double loop for estimating the elements of the calibration kernel matrix, 
with the corresponding activity for the test data matrix in lines 14–18. 
Both are mean-centered in lines 20–24, along with the calibration and 
test concentration vectors. The subsequent lines (26–37) contain the 
classical PLS iterative algorithm where the scores T, the loadings P, the 
weight loadings W and the latent regression vector v are estimated, as 
described in detail in ref. [25]. At each step of the loop, the X and Y 
blocks are deflated (lines 35 and 36). Line 38 estimates the vector of 
regression coefficients in real space, and line 40 predicts the analyte 
concentration as the scalar product of the test kernel matrix and the 
latter vector (after uncentering the result). The algorithm given in the 
Appendix can be easily adapted to a previous cross-validation phase to 
estimate the optimum radius and the number of latent variables, as 
provided in the Research Data accompanying the present work. 

2.2. Simulations 

A series of simulated data sets were prepared with two components 
showing partially overlapped Gaussian lines (Fig. 2) and different de
grees of non-linearity in the signal-concentration relationship. One 
hundred calibration samples were built with random component con
centrations in the range 0–1. Gaussian noise was added at 1% level with 
respect to the maximum calibration signal. The calibration data set was 
then submitted to an algorithm estimating the optimum value of r and 
the number of latent variables using the error in leave-one-out cross- 
validation as error indicator. 

In the quadratic systems, the relation between the variables is gov
erned by the following expression: 

x = s
y − ky2

1 − k
(5)  

where x is the spectrum of a given analyte in a sample, s is the pure- 
component spectrum, k is a parameter measuring the departure of 
linearity and y is the analyte concentration. On the other hand, in the 
sigmoidal systems the relationship is as follow: 

x = s
tanh

[
k
(
y − 1

2

)]
− tanh

(
− k

2

)

tanh
(

k
2

)
− tanh

(
− k

2

) (6)  

where the symbols have the same meaning as in Eq. (5). Fig. 3 shows the 
various plots of signal at a given sensor as a function of concentration for 
all simulated systems. Notice that in the latter two equations, k = 0 leads 
to the linear problem x = s y. 

2.3. Sensitivity 

The material of this section has already been published as the Sup
plementary Material of ref. [22]. However, it is briefly presented here 
for completeness. The sensitivity (SEN) can be estimated by error 
propagation concepts, following the expression [22]: 

SEN =
sx

sy
(7)  

where sx and sy are the uncertainties in signal and concentration 
respectively. 

On the other hand, the uncertainty in analyte concentration sy can be 
computed from the KPLS expression for estimating the analyte 
concentration: 

y = βTk (8) 

From Eq. (8), and assuming a precise calibration phase, small 
changes dy and dk are related by: 

dy = βTdk = βT J dx (9)  

where J is the Jacobian matrix containing the first derivatives. The Ja
cobian can be calculated from the test sample kernel and the spectrum, 
leading to the following generic element J(i,j): 

Jij =
2
r2

[
xj − xcal,ji

]
exp

(
− ‖ x − xcal,i‖

2 / r2) (10)  

where j indicates the wavelength index, xj is an element of the spectrum, 
xcal,ji an element of the matrix of calibration spectra, and xcal,i the 
spectrum for the ith. calibration sample. 

The next step is to estimate the variance in concentration as the 
ensemble average of (dy)2: 

Fig. 8. Comparison of the non-linear relationship between y and x (black line) and that estimated using N = 4 and r = 0.45 (red line).  
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s2
y =

〈
(dy)2〉

= βT J
〈(

dx dxT)〉JTβ (11) 

Since the ensemble average <(dx dxT)> is equal to the spectral 
variance (sx)2 multiplied by an identity matrix: 

s2
y = s2

x βT J JTβ (12) 

From Eq. (12), the square sensitivity follows: 
(

sy

sx

)2

=‖JTβ‖2 (13) 

Recalling Eq. (7), the sensitivity is given by: 

SEN= 1 / ‖ JTβ ‖ (14) 

In the latter expression, the elements of J are sample dependent, 
making the sensitivity to be sample dependent, as expected for a non- 
linear regression model. 

When spectra are mathematically pre-processed before model 
building, x is pre-multiplied by a filtering matrix F containing the pre- 
processing coefficients. This leads to a modified spectrum xp: 

xp = F x (15)  

and the uncertainty in xp can be directly related to the uncertainty in the 
raw spectrum: 

dxp = F dx (16) 

Therefore, the sensitivity is given by the following equation: 

SEN= 1 / ‖ F JTβ ‖ (17)  

2.4. Degree of non-linearity 

A new aspect of KPLS is the possibility of classifying the data sets in 
terms of a certain degree of departure from linearity, and not in a black 
and white fashion as just ‘linear’ and ‘non-linear’, as is customary in the 
literature [2]. Eq. (17) can be interpreted by giving the sensitivity as the 
inverse of the 2-norm of a vector: 

b = F JTβ (18) 

In classical PLS, b would be the vector of model regression co
efficients, but in KPLS the b vectors are sample dependent and provide a 
means of estimating the sensitivity. However, it is possible to employ 
them to define a non-linearity degree (NLD) parameter, as the ratio of 

Fig. 9. Top, plot of the 100 calibration b vectors in the simulated quadratic 
system (k = 0.01). Bottom, the same plot for k = 0.4. 

Fig. 10. Sensitivity for the 100 calibration samples of the simulated quadratic system as a function of nominal analyte concentration. Black circles, k = 0.01, red 
triangles, k = 0.4. 
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the amplitude of the set of b vectors to the mean, i.e.: 

NLD =

∑
Δbp

P ‖ b‖
(19)  

where Δbp is the difference between the maximum and minimum value 
of the b vector across the calibration samples at wavelength p, P is the 
total number of wavelengths and b is the average b vector. The appli
cation and meaning of this parameter will be discussed below in 
connection with both the simulated and experimental data sets. 

3.5. Software 

MATLAB was used for simulations and for processing the data with 
MCR-ALS using an in-house code [26]. The Appendix provides the codes 
in both MATALB and R for model training and prediction on new sam
ples. The R code was written in RStudio [27]. The set of MATLAB codes 
for cross-validation, calibration and prediction, along with the studied 

data sets, are given as Research Data at https://data.mendeley.com/ 
datasets/vm2b5mfhbw . 

4. Experimental 

Four experimental data sets discussed below involve the calibration 
of food quality parameters from NIR spectra. They have already been 
described in the literature. Please see the corresponding references, 
which discuss the determination of: fat and moisture in meat samples [9, 
28], aromatic herbs in yerba mate [22], protein in wheat [9,29], and oil 
in corn seeds [30,31]. 

The remaining two examples involve the determination of an anti
biotic in human serum samples [32] and the monitoring of a protein in a 
bioprocess, in both cases from fluorescence spectral data [33]. Table 1 
collects the relevant information regarding number of samples, spec
troscopic technique, wavelength range and data points for each set. 

Fig. 11. Plot of the number of LVs (black line and circles), radius (red line and triangles) and NLD parameter (green line and squares) in the simulations as a function 
of the non-linearity constant (k). Top, quadratic system, bottom, sigmoidal system. 
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5. Discussion 

5.1. A simple univariate example 

In this section a simple example involving the modeling of a non- 
linear univariate data set will be discussed [34]. Fig. 4 (black line) 
shows a non-linear relationship between the y and x variables, where 
noise is apparently affecting the data. We note that the underlying 
equation relating y to x is not known. For developing a mathematical 
model to map the x-y relationship, the y values at eleven equally spaced 
points in the x axis are considered (blue circles in Fig. 4) and ten addi
tional data points, independent from those used for training the model 
(red triangles in Fig. 4) are selected for validation. This procedure in
tends to mimic the characteristics of a multivariate regression problem, 
where spectra from a set of samples is used to build a model, and in
dependent sample spectra are employed for validation. 

One possible model consists of a linear combination of N Gaussian 
functions [33]: 

y =
∑N

n=1
wnexp

[
− (x − cn)

2 / r2
n

]
(20)  

where cn and rn are the centers and radii of each Gaussian function and 
wn the weights of the linear combination. The radii are proportional to 
the widths of the Gaussian functions, and are usually considered equal to 
a single r value for simplicity [35]. Thus, training the model demands 
the estimation of the number of terms (N), the centers (cn), the common 
radius (r) and the weights (wn). Given the values of N and r, and selecting 
N centers at random from the set of eleven x values considered for 
building the model, the weights can be estimated by least-squares 
regression, because the expression (1) represents an overdetermined 
system of linear equations. The procedure first involves the building of a 
so-called design matrix D of size (11 × N) whose elements are given by: 

Din = exp
[
−
(
xcal,i − cn

)2
/

r2
]

(21)  

where xcal,i represents each of the eleven x values chosen for calibration. 
The vector of weights can then be estimated as follows, provided the 

matrix (DTD) can be safely inverted [33]: 

w =
(
DTD

)− 1 DT ycal (22)  

where ycal is the vector of y values at the calibration points. Eq. (22) can 

be applied if (DT D) can be safely inverted. 
The estimation of N and r is usually done by trial and error. This 

activity includes the following steps: (1) r is scanned at a number of 
discrete values in a suitable range, in the present case 0.1–10, (2) in each 
case the weights are estimated according to Eq. (22) for increasing 
values of N using randomly chosen centers from the list of training x 
values, (3) the model is used to predict y for the eleven calibration 
points, and (4) the predictions are compared with the known values, 
calculating the root mean square error for calibration (RMSEC) as: 

RMSEC =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
ypred − ycal

)2

Ical

√

(23)  

where ycal and ypred are the nominal and predicted calibration y values 
respectively, and Ical = 11 is the number of calibration data points. 

Fig. 5 shows the RMSEC as a function of N, where it is clear that N = 4 
is a good choice, because the RMSEC stabilizes at this value, and using 
more than four Gaussian terms does not appear to be reasonable. The 
figure also shows that some values of r are not likely to produce good 
results (i.e., 0.1), and that the optimum r may be found in the range 
0.5–10. It is also seen in Fig. 5 that after N = 4 the behavior of the 
RMSEC is similar to multivariate regression situations, when including 
too many latent variables in the predictive models. 

Using this trial-and-error method, the best r can be searched by fixing 
N at 4, and then estimating RMSEC for a range of r values. A plot of 
RMSEC as a function of r (Fig. 6) shows that the optimum r is ca. 0.5. 
Since there is a clear minimum in Fig. 6, it may be risky to scan a discrete 
range of values to find the best radius. Instead, a method can be used to 
find the optimum r by minimizing the RMSEC, as implemented in the 
MATLAB ‘fminsbnd’ toolbox. This leads to r = 0.45 in the present case. 

Having set N = 4 and r = 0.45 as the optimum calibration parame
ters, the next phase is the study of the independent validation set of 10 y 
values. Fig. 7 plots predicted vs. known y for the independent test set. 
The apparent good agreement is reflected in the root mean square error 
for prediction (RMSEP) which can be estimated using an equation 
similar to (23), replacing Ical by Itest = 10, leading to RMSEP = 0.015 
units, i.e., 3% with respect to the mean calibration y. This implies that 
the linear combination of Gaussian functions has been able to 
adequately train a non-linear model of a data set with an unknown 
underlying relationship between the two variables. Finally, it is inter
esting to see how well the 4-Gaussian linear combination maps the entire 
range of x from 0 to 1. This is shown in Fig. 8. 

It is also worth mentioning that additional flexibility could be ach
ieved by letting the r values to be different for each Gaussian function. 
However, when the four radii were simultaneously optimized, their 
estimated values were all very similar. It is therefore simpler to use the 
same radius for all terms. 

The whole process can be described as first projecting the non-linear 
data onto the space spanned by Gaussian functions to linearize the data, 
followed by a linear model between the latter projections and the in
dependent variable [33]. 

It is interesting to explore the situation if the above univariate system 
were linear. Repeating the modeling process as above, only two kernels 
are needed to model the y variable. The optimized r using the ‘fmin
search’ MATLAB toolbox is in this case rather large, i.e., on the order of 
103 for any random choice of two centers from the eleven training x 
values. In addition, the least-squares estimation of the two weights 
renders w1 ≈ − w2. 

When r is large enough so that all ratios (x − c)/r2 are small, the 
Gaussian functions can be approximated by a Taylor expansion. If only 
the linear terms of the latter are retained, the expression for y as a 
function of x can be written as: 

y = w1exp
[
− (x − c1)

2 / r2]+ w2exp
[
− (x − c2)

2 / r2] ≈

≈ w1
[
1 − (x − c1)

2 / r2]+ w2
[
1 − (x − c2)

2 / r2] (24) 

Table 2 
Analytical results and KPLS parameters for the experimental data sets.  

System (analyte) RMSEP 
PLS (LVs)b 

RMSEP 
KPLS (LVs)b 

r NLD Type 

Meat (fat)a 2.6(8) 0.68 (52) 2 0.14 High 
Meat (moisture)a 3.3(8) 0.54 (30) 3 0.13 High 
Yerba (aromatic 

herbs)a 
4.6(6) 2.9 (28) 6 0.025 Medium 

Wheat 
(protein)a,c 

0.22(13) 0.14 (41) 45 0.010 Medium- 
low 

Corn (oil)a,d 0.052(8) 0.056 (16) >1000 0.0011 Very low 
Serum 

(tetracycline)c 
0.10(4) 0.11(9) 330 0.0008 Very low 

Bioprocess 
(Protein) 

15(5) 14(9) 13 0.009 Medium- 
low  

a First-derivative spectra were used for model building (SG filter, 5th. order 
polynomial, 9-points window). 

b Latent variables (LVs) for model building in parenthesis. For PLS, they were 
found by leave-one-out cross-validation. For KPLS, the number of latent vari
ables and the radius were found using MATLAB ‘fminsearch’ toolbox with leave- 
one-out RMSECV as the objective function to be minimized. 

c After variable selection considering the shape of the b vectors. 
d In this a fairly linear system the search for the best radius leads to very large 

values. 
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Furthermore, if w1 = − w2, the latter equation yields: 

y =
w2

r2

(
c2

1 − c2
2

)
+

2w2

r2 (c2 − c1)x (25) 

Therefore, the projection onto the Gaussian space is nothing more 
than a linear transformation. As a consequence, there is no need of using 
a Gaussian expansion, and a linear model for mapping y as a function of 
x would be better. These results suggests that if a large value of r is found 
when optimizing a Gaussian projection model, a better choice would be 
a linear regression model. 

5.1. Simulated multivariate data 

From the simulations for the various two-component multivariate 
systems, Fig. 9 shows a typical set of b vectors for a nearly linear 
quadratic system (k = 0.01) and for a clearly non-linear system (k = 0.4). 
Notice that for both systems, the b vectors have a maximum at the sensor 
for which the analyte of interest is most responding (sensor No. 40) and a 
minimum at the sensor No. 80, the position of the maximum for the 
interferent (Fig. 9). In this respect, the b vectors indicate regions of in
terest for the analyst which are analogous to those provided the classical 
PLS regression coefficients. Moreover, the (almost identical) b vectors 
for the nearly linear case are very similar to the vector of PLS regression 

Fig. 12. Plot of all b vectors for the calibration samples in two extreme situations. Top, meat data set for fat (high NLD), bottom, corn data set for moisture (very 
low NLD). 
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coefficients which would be computed in the absence of Gaussian 
projections. 

On the other hand, the sensitivities as a function of calibration 
concentrations for these two systems are shown in Fig. 10. For the nearly 
linear one the values are almost constant, as expected, whereas for the 
non-linear one they decrease with increasing concentration. This latter 
behavior is also the expected one from the function having a negative 
sign in the quadratic term, i.e., Eq. (5). 

Increasing the degree of non-linearity of these data sets lead to the 
following conclusions: (1) the number of latent variables for building the 
PLS model after the Gaussian projection phase increases (in the linear 
case this number is close to the ideal one, i.e., the number of responsive 
constituents), (2) the estimated radius for the Gaussian functions 
continually decreases from a large value for the linear case and (3) the 
parameter NLD increases. 

These observations are confirmed in Fig. 11 for both the quadratic 
and sigmoidal systems. It may be established the following limits for 
NLD for classifying the data sets according to the degree of non-linearity: 
for NLD > 0.05, high, for NLD in the range 0.01–0.05, medium, and for 
NLD < 0.01, low. 

5.2. Experimental data 

The experimental data sets discussed in this section have already 
been processed in the literature using various multivariate models, 
including variants of PLS and artificial neural networks. We only wish to 
discuss here two aspects: (1) the analytical improvement in going from 
the classical linear PLS model to the non-linear KPLS model, and (2) the 
classification of the various systems according to the degree of non- 
linearity. The former issue has already been discussed in some cases; 
however, we would like to call the attention to the fact that KPLS can be 
applied to the non-linear data sets with a success which is comparable to 
seemingly more complex methodologies. This fact is shown in the first 
two columns of Table 2. Notice that first-derivative was employed as 
mathematical pre-processing of the NIR spectra. Regarding the latter 
activity, a combination of KPLS with a previous convolutional phase 
driven by a stochastic search was presented for the automatic selection 
of the mathematical pre-processing method to be applied to NIR spectra 
[22]. Explicit details on the operation and application of convolutional 
KPLS (CKPLS), including the required software, can be found in ref. [22] 
and will not be reported here. 

As regards the non-linearity degree NLD, Table 2 shows the 

Fig. 13. Top, sensitivity as a function of calibration concentration for the training samples in the meat data set (analyte = fat). Bottom, same for the corn data set 
(analyte = oil). 
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optimized value of r and the NLD parameter for the various data sets. 
Two of them (the determination of fat and moisture in meat samples) are 
characterized as highly non-linear, in accordance with the literature. 
Three other systems have a medium-type non-linearity (detection of 
aromatic herbs in yerba, protein in wheat and protein in a bioprocess). 
The remaining two (detection of oil in corn seeds and tetracycline in 
serum) shows a very small value of NLD and is a typical example of a 
linear case. A visual comparison of the degree of non-linearity is pre
sented in Fig. 12, where the b vectors are plotted for the two extreme 
cases (detection of fat in meat and of oil in corn seeds). 

The significantly different distribution of b vectors in the latter two 

systems lead, as can be expected, to widely different sensitivity values as 
a function of analyte concentration in the calibration samples. In the 
case of the determination of fat in meat samples (Fig. 13, top) the 
sensitivity clearly decreases on increasing fat content, as is expected for 
a highly non-linear system. In contrast, for the detection of oil in corn 
seeds (Fig. 13, bottom) the sensitivity is fairly constant, corresponding to 
a nearly linear system. 

As a summary of the application of KPLS to the experimental data 
sets, one may notice the following relevant issues: (1) the KPLS model is 
able to handle systems where the degree of non-linearity varies from 
very low to high with comparable success to the classical PLS model in 

Fig. 14. Plots of all b vectors for the calibration samples in the determination of protein in wheat. Top, full spectra (the square shows the noisy region to be discarded 
for model building), bottom, discarding the first 350 data points. In both cases, first-derivative spectra were used for calibration. 
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the linear systems and to advanced artificial neural network approaches 
in the non-linear ones, (2) the degree of non-linearity can be assessed on 
a continuous scale, avoiding the black-and-white classification in either 
linear or non-linear, (3) analytical figures of merit are available as in the 
classical PLS version, and (4) variable selection can be performed by 
calculating the vector of kernel regression coefficients in the space of the 
real spectral variables. All these advantages should be considered when 
selecting kernel PLS as a flexible multivariate calibration model for 
processing spectral data sets. 

5.3. Variable selection 

The selection of relevant variables for building a successful multi
variate regression model is an important aspect in the analytical cali
bration scenario, and many different methods have been developed in 
this regard [36]. This section refers specifically to the variable selection 
procedure relying on the consideration of the properties of the vector of 
regression coefficients [37]. Although the kernel PLS vector β of Eq. (4) 
is not suitable in this regard, because it is not defined in the real 
wavelength (or sensor) space, the KPLS b vectors defined by Eq. (18) can 
be employed for variable selection. 

When heavily overlapped spectra occur in certain regions, or when 
the signal is too high and saturates the detecting system, the b vector 
shows a highly noisy spectral region which should be discarded from the 
calibration range. This behavior is analogous to that of the vector of 
regression coefficients in the linear PLS model [36]. As an example, 
Fig. 14 shows the set of b vectors for all calibration samples in the KPLS 
model for the determination of protein content in wheat seeds using the 
full spectral data, and the analogous results when the noisy region is 
discarded. When processing these data in previous reports, the same 
spectral region was removed before model building, leading to signifi
cantly improved analytical results [9,28]. 

6. Conclusion 

A tutorial has been presented on the theory and application of kernel 

partial least-squares regression, a flexible model applicable to multi
variate calibration problems when the relationship between instru
mental signals and target concentrations or properties is not linear. The 
advantages of the model can be summarized as follows: (1) the analyt
ical figures of merit can be estimated by closed-form expressions, (2) 
sensitivity spectral vectors can be calculated which are useful for vari
able selection, (3) a parameter measuring the non-linearity degree 
(NLD) can be computed and used to size the departure of linearity in a 
continuous fashion, and (4) the analytical systems can be classified ac
cording to the non-linearity degree in high, medium, low and very low; 
in the latter case the classical partial least-squares regression model is 
recommended. 
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Appendix 

MATLAB algorithm for KPLS training and prediction 
The Xcal and Xtest matrices contain the calibration and test spectra respectively, ycal is the vector of calibration concentrations, Ical and Itest are 

the numbers of calibration and test samples, r is a previously optimized Gaussian radius, A is the optimized number of KPLS latent variables. Details on 
how to optimize r and A are given in the MATLAB codes provided as Research Data accompanying this report.   

Line number Code 

1 % Mean centering and scaling 
2 mXcal=mean(Xcal,2); 
3 Xcal=Xcal-mXcal*ones(1,Ical); 
4 Xtest=Xtest-mXcal*ones(1,Itest); 
5 mmXcal0=max(abs(Xcal(:))); 
6 Xcal=Xcal/mmXcal0; 
7 Xtest=Xtest/mmXcal0; 
8 % Estimation of kernel matrices 
9 for i_s = 1:Ical 
10 for j = 1:Ical 
11 Kcal(i_s,j)=-exp(-(norm(Xcal(:,i_s)-Xcal(:,j)))^2/r^2); 
12 end 
13 end 
14 for i_s = 1:Itest 
15 for j = 1:Ical 
16 Ktest(i_s,j)=-exp(-(norm(Xtest(:,i_s)-Xcal(:,j)))^2/r^2); 
17 end 
18 end 
19 % Mean centering 
20 mKcal=mean(Kcal,2); 

(continued on next page) 
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(continued ) 

Line number Code 

21 Kcal=Kcal-mKcal*ones(1,Ical); 
22 mycal=mean(ycal); 
23 ycal=ycal-mycal; 
24 Ktest=Ktest’-mKcal*ones(1,Itest); 
25 % Kernel PLS 
26 Xpls=Kcal’; 
27 Ypls=ycal; 
28 T=[];P=[];W=[];Wn=[];v=[]; 
29 for i = 1:A 
30 W=Xpls’*Ypls/(Ypls’*Ypls); 
31 Wn(:,i)=W/sqrt(W’*W); 
32 T(:,i)=Xpls*Wn(:,i); 
33 v(:,i)=T(:,i)’*Ypls/(T(:,i)’*T(:,i)); 
34 P(:,i)=Xpls’*T(:,i)/(T(:,i)’*T(:,i)); 
35 Xpls=Xpls-T(:,i)*P(:,i)’; 
36 Ypls=Ypls-v(:,i)*T(:,i); 
37 end 
38 b1=Wn*inv(P’*Wn)*v’; 
39 % Estimates test concentrations 
40 ypred=Ktest’*b1+mycal;  

R algorithm for KPLS training and prediction 
The symbols are the same as for the above MATLAB algorithm.   

Line number Code 

1 library(pracma) 
2 # Centering and scaling 
3 meanX<-rowMeans(Xcal, dims = 1) 
4 Xm<-Xcal-meanX%*%matrix(data = 1, nrow = 1, ncol = Ical) 
5 Xtm<-Xtest-meanX%*%matrix(data = 1, nrow = 1, ncol = Itest) 
6 meanY=mean(ycal) 
7 Ym<-ycal-meanY 
8 mmaX <- max(abs(Xm)) 
9 Xm <- Xm/mmaX 
10 Xtm <- Xtm/mmaX 
11 % Kernel matrices 
12 Wn <- matrix(data = NA, nrow = Ical, ncol = A) 
13 Ts <- matrix(data = NA, nrow = Ical, ncol = A) 
14 P <- matrix(data = NA, nrow = Ical, ncol = A) 
15 v <- matrix(data = NA, nrow = 1, ncol = A) 
16 Kcal <- matrix(data = NA, nrow = Ical, ncol = Ical) 
17 Ktest <- matrix(data = NA, nrow = Ical, ncol = Itest) 
18 for (i in 1:Ical) { 
19 #dXm <- Xm[,i]%*%ones(1,Ical)-Xm 
20 Kcal[i,] <- exp(-(colSums((Xm[,i]%*%ones(1,Ical)-Xm)^2)/r^2)) 
21 } 
22 for (i in 1:Ical) { 
23 #dXtm <- Xm[,i]%*%ones(1,Itest)-Xtm 
24 Ktest[i,] <- exp(-(colSums((Xm[,i]%*%ones(1,Itest)-Xtm)^2)/r^2)) 
25 } 
26 # Centering 
27 meanKcal<-rowMeans(Kcal, dims = 1) 
28 Kcal<-Kcal-meanKcal%*%matrix(data = 1, nrow = 1, ncol = Ical) 
29 Ktest<-Ktest-meanKcal%*%matrix(data = 1, nrow = 1, ncol = Itest) 
30 # KPLS 
31 Xpls=Kcal 
32 Ypls<-Ym 
33 for (i in 1:A) { 
34 W <- Xpls%*%Ypls%*%solve(t(Ypls)%*%Ypls) 
35 Wn[,i] <- W/as.numeric(sqrt(t(W)%*%W)) 
36 Ts[,i] <- t(Xpls)%*%Wn[,i] 
37 v[i] <- t(Ts[,i])%*%Ypls%*%solve(t(Ts[,i])%*%Ts[,i]) 
38 P[,i] <- Xpls%*%Ts[,i]/as.numeric((t(Ts[,i])%*%Ts[,i])) 
39 Xpls <- Xpls - P[,i]%*%t(Ts[,i]) 
40 Ypls <- Ypls-v[i]*Ts[,i] 
41 } 
42 b1 <- Wn%*%solve(t(P)%*%Wn)%*%t(v) 
43 # Estimates test concentrations 
44 ypred <- t(b1)%*%Ktest+meanY  
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